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Lift Corrections to Transonic Equivalence Rule: Examples

H. K. Cheng*
University of Southern California, Los Angeles, Calif.

The lift correction to the transonic equivalence rule, with specific reference to its dependence on the wing
planform and load distribution, is studied. Calculations of the equivalence-body cross-sectional area, Se(x), are
performed for examples from three families of wing planforms; the results are applied to the analysis of a Mach
.98 transport, considering alternative wing designs. An increase in Se(x) due to nonlinear lift effects is found to
be significant: a rise in Se(x) by 35% above the zero-lift maximum occurs over a distance comparable to the root
chord. However, in changing from a symmetrical to an asymmetrical wing arrangement, the maximum of the lift
correction to Se(x) can be reduced by as much as a factor of four, with a nearly eight-fold reduction in the
correction to the equivalent source strength, dS^/dJC.

I. Introduction

A T transonic speeds the flow disturbance extends laterally
to a great distance from the body. The three-dimensional

flow structure far from the body is an essential aspect which
determines the drag rise, maneuverability, and other aircraft
characteristics in the transonic range. The most important
aerodynamic concept in this regard is, perhaps, the transonic
equivalence rule, or the area rule, of Oswatitsch and Whit-
comb. !"3 This rule requires, however, a modification to
account for the lift contribution which proves to be essential
in the operating ranges of modern aircraft.4 '5 As a sequel to
the works of Refs. 4 and 5, this paper will examine more
specifically the extent to which the lift corrections depend on
the planform and the mode of load distribution; supporting
calculations for three types of lifting surface are studied.

It is well established from the classical linear theory that the
flow far from a slender body (or low aspect-ratio wing) at
small incidence may be identified with that produced by an
(equivalent) axisymmetric body having the same (axial
distribution of) cross-sectional area S^x).1 The con-
tributions by Whitcomb,' Oswatitsch,2 and other early
workers on the transonic equivalence rule,3i8 lie essentially in
their demonstrations showing that the same rule applies also
in the case with a nonlinear transonic outer flow. This
transonic equivalence has been extended to wings with in-
cidence comparable to the thickness,9 and with aspect ratio as
high as unit order.10 Underlying Refs. 1-3 and 8-10 is the
concept that the body affects the nonlinear transonic flow
field far from it in the same manner as a line source with a
strength proportional to dSc/dx. Hayes11 is, perhaps, among
the first in recognizing the need for departing from this
concept due to lift; in Hayes' linearized study, the lift effect
on the outer flow appears as one of a line doublet. As brought
out by Cheng12 and Barnwell,13 the line source and line
doublet pair provides a fairly adequate representation of the
body for the outer flow (without recourse to other
singularities), even if lift were to dominate. The present study
is based on the recent work of Cheng and Hafez,4'5 which is
more complete and correct in the sense of an asymptotic
theory.

In a more recent work reported in Ref. 14, Barnwell gives
results similar to those of Cheng and Hafez,4>5 using body-
oriented coordinates. Except for an error in Barn well's
analysis, which can be readily corrected,! his basic results do
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agree with those of Cheng and Hafez. An interesting aspect in
Barnwell's recent study concerns the modeling of leading-edge
separation. Its validity requires a critical examination and will
not be discussed here.

The major content of this paper is concerned with the
computed results that are to be discussed in Sees. IV and V.
To indicate more clearly the scope and limitations of the
theory, various theoretical requirements are stated in Sec. II,
where several important parameters are defined. A summary
of the theory of the equivalence rule involving lift is given in
Sec. Ill with a discussion of its relevance to the drag rise
study. In Sec. IV we discuss and perform calculations of the
equivalent-body cross-sectional area, Se(x), and related
quantities for three families of planform with various load
distributions. These calculations are applied in Sec. V to the
study of lift effect for a Mach 0.98 transonic transport with
specifications similar to those in Refs. 15 and 16.

II. Assumptions and Basic Parameters
A. Assumptions and Geometrical Requirements

The theory4'5 on which the subsequent study is based
assumes a slightly perturbed steady inviscid flow with
uniform freestream. The lift is carried mainly by a nearly
planar wing, of which the thickness and lift distributions are
prescribed. Only wing planforms permitting smooth
distributions, such as those of the Concorde, the symmetric
swept, and the oblique designs, will be considered. The theory
assumes a smooth lift distribution which vanishes at both
upstream and downstream ends of the planform. In practice
this can be realized by proper wing twist, or more easily by tip
fairing (rounding off the leading-edge portion of the plan-
form contour near the tip, as for the Concorde).

The area of the cross section transverse to the wind axis,
Sc(x), is assumed given; it may also include that of the
slender fuselage lying close to the wing plane. The wing
camber geometry can be determined from the assumed lift
distribution, using the linear transonic theory.5'6 To avoid
solution breakdown at the edges, the lift distribution is
assumed to be bounded at both the trailing and leading
edges. * In particular, the inverse square root type singularity
is to be avoided. This point is amplified in Fig. 1 which
illustrates a cross section with dropped leading edges. In
passing, it may be noted that a small round leading edge with
a radius comparable to the square of the thickness is also
admissible to the theory, although the analysis cannot be used
to treat the leading-edge region itself.

|The theory presented in Refs. 4 and 5 assumes that the lift
distribution vanishes at the edges, which is more conservative than the
boundedness requirement stated in above.
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Fig. 1 Distributions of pressure jump a) with leading-edge
singularities, and b) with the leading-edge singularities removed. The
dotted curve refers to the case with a finite nonvanishing jump at the
leading edge.

B. Coordinates—Thickness, Lift, and Other Parameters
A Cartesian coordinate system (x,y,z) is used, with the z-

axis pointing in the lift direction. Alternately, cylindrical
polar coordinates (x,r,u) are also used, with r representing
distance from the x-axis, and a; the azimuthal angle.
Associated with x and r are two reference length scales / and b.
Length / characterizes the axial distribution of the thickness or
the lift (whichever predominates), and the length b is simply
the half span.

Three parameters, X, r, and a, are used to define the wing
geometry and the lift (of a given basic planform). Parameter X
is the ratio of the two lengths

X = 6// (1)

and may be taken to indicate an average sweep angle of the
leading edges. Parameters T and a. are defined in terms of the
maximum cross-sectional area 5cmax and the total lift,
respectively:

(2)

Obviously, a and r are the generalized camber and thickness
ratio suggested by linear transonic (slender-body) theory; they
are both required to be small.
C. Four Reduced Parameters— Nonlinear Lift Effects

A complete specification of the system at hand requires at
least four parameters (e.g., T,ot,\t and the Mach number
MOO). The set of four parameters which appear in the final
formulation of the reduced problem for the nonlinear outer
flow is (adopting the notations of Refs. 4 and 5)

e = [(y + l)M2
ooT\]'/2 \\3] '/2

equivalent and the consideration of the other parameter set is
unnecessary for the present purpose.4'5

It is of interest to point out the reason why the relatively
weak nonlinear corrections (due to lift) to the Jones solution6

should produce effects of first-order importance in the outer
flow. The differential equation governing the inner equation
may be written as

dx (4)

where </> is the perturbation velocity pontential. The three
terms inside the square bracket on the right represent the
second-order compressibility corrections to the velocity
divergence, and may be interpreted as a distribution source in
the cross-flow plane near the wing. Far enough from the axis
(r>6), the integrable part of this distributed source should
produce an effect equivalent to a line source. This line source
does not vanish with the thickness, because <t>2

x> <$>2
y, and </>2

lack the skew symmetry with respect to z. With high enough
lift , the source strength generated in this way can be com-
parable to, or even greater than, the rate produced by the
actual geometrical cross-section area Sc (x). The ratio of these
two source strengths must clearly be proportional to a2/r
which is identifiable with a2..§

The terms <t>2
y and </>2 signify (twice) the kinetic energy of the

cross flow and are absent from the classical transonic small-
disturbance equation. The line source contributed by these
two terms gives rise to a nonvanishing total volume flux,
hence, an equivalent afterbody.

III. Summary of the Reduced Problem:
The Equivalence Rule

A. Reduced Nonlinear Problem
Like the classical equivalence rule, 1-3>7~9 Cheng and Hafez's

theory4'5 stipulates an inner region around the wing (or the
aircraft) and an outer region far from the wing. The inner
flowfield is described basically by the linear transonic
solution, with nonlinear and other higher-order corrections.
This solution breaks down at a distance of the order b/e from
the axis, where the problem is reformulated with reduced
variables:

x=x/l rj = co and <j> = (5)

(3)

where the transverse coordinate has been rescaled. The dif-
ferential equation (to the leading order) governing this outer
region is none other than the familiar transonic small-
disturbance equation9'11

(6)

where y is the gas specific-heat ratio. Each of these
parameters is associated with a particular effect or feature of
the nonlinear outer problem. Except for an unbounded a*, the
parameter e is the ratio of the transverse length scale of the
inner flow region, b, to that of the outer region far from the
wing. The choice of the parameter set Eq. (3) permitted Cheng
and Hafez4'5 to deduce an equivalence rule by considering (a
single limit) e—0, while keeping a*, F«, and K fixed. In the
limit e—0, the outer flow sees the body and its vicinity as a
line segment along the x-axis, and the presence of the wing
and body is felt mainly in the form of a line source and line
doublet. The latters are controlled mainly by a* and F«.

For an unbounded a., corresponding to a vanishing
thickness ratio, the transverse length ratio e in Eq. (3) may be
replaced by other products of a and X, independent of the
thickness ratio r, with the corresponding changes in the
definitions for a*, F*, and K. However, the two systems are

with

K= (A/ i -7 ) / (7+7)Af i rX

consistent with Eq. (3). In the outer variables (x, r/, o>) , the
inner region shrinks to the vicinity of the axis [r; = 0(e),
to be sure] where Eq. (6) admits a development, with a/ =
a. I A* I -%

.... (7)

! where the factor {We results from the
matching detail of the inner and outer solutions. 4'5
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where the first term signifies a line source and the second a
line doublet. Matching this with the inner solution identifies
the doublet strength with the lift, and SI with a source
strength (expressible in terms of (d/dx)Se and the nonlinear
lift effects described in the preceeding section).5 The function
F(x) is simply the lift at x normalized by its value at Jc=l.
The expression of S'e(x) will be more closely delineated later
in Sec. IIIB. The function @0 (x) signifies a feedback from the
nonlinear outer flow, and is a part of the unknowns of the
boundary-value problem. The last term involving the
derivative of Ff is fixed once the lift distribution F(x)is
given.

Finally, the far-field condition is (excluding the positive pr-
axis)

as (8)

Equations (6-8) complete the specification of the boundary
value problem of the outer flow.

B. Equivalence Rule
The above formulation shows that the strength of the line

source and the line doublet are the only two functions of x
through which the wing geometry and lift distributions can
influence the outer flow. Therefore, the structure of the outer
nonlinear flow at a specified transonic parameter K, including
the shock and sonic boundaries, is the same, as long as the
distributions S'e(x) and ojF(x) remain unchanged. In ap-
plying the rule, the correlation must, of course, be carried out
in the reduced outer variables of Eq. (5). Since cp = - 2rX0^,
the ratios cp/r\ and (M2-l)/e2 will be correlated as func-
tions of x, TJ, and o>; sonic and shock boundaries may be
correlated in the form of x = g(ritu;K). The drag rise due to
shock loss in the outer flow, Dw, can be correlated as

Dw/p<xU2b2T2M2
x=f(K) (9)

The function f ( K ) is of unit order for a fully developed shock
in the outer region.
C. Form of S'e

The line-source can be expressed as a sum consisting of the
geometrical cross-sectional area S c ( x ) and terms that are
dependent nonlinearly on the lift,5

d
dxl

(10)

with

•h, dydyj

—ooj — oo

dydyj

where [[ <p] is the potential jump normalized by &Ub,y and
yi by b\ subscripts x, y, and >>/ refer to partial derivatives. In
view of the total derivative on the right of Eq. (10), the
quantity inside the curley bracket may be duly referred to as
the cross-sectional area of the equivalent body dSe/dx. To be
sure, F ( x ) is a dimensionless lift at Jc, related to [ <p] as

F(x) = and F(l)=l (11)
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S c ( x ) and Se(x) have been normalized by the maximum
geometrical cross-sectional area.

The form of the function E(x) associated with a£l\ is
recognizable as a normalized kinetic energy in the Trefftz
plane (i.e., the vortex drag). Interestingly, f ( x ) assumes a
form identical to that of E(x), with the differential pressure
replacing the differential side wash. It can be shown on the
basis of Eq. (10) that f ( x ) is nonnegative, as is E(x).
Therefore Eq. (10) implies to an inequality

Se(x)>Sc(x) (12)

D. Equivalence Rule and Transonic Drag Rise
The source and doublet distributions may be used as a

smoothness and slenderness guide in transonic transport
design in a manner analogous to the application of the
classical area rule.15'16 It is noted that most modern designs
use high-aspect-ratio swept wings, employing "supercritical
airfoils."17"19 Implicit in the present study, as well as in the
area-rule studies of Refs. 15 and 16, is the assumption that the
component flow around the wing can be made "shock-free5

under the cruise condition. K The shock loss in the outer flow
should then be responsible for the transonic drag rise.

The drag rise characteristics of a transonic transport design
has been compared with that of the Boeing 747 by Good-
manson15 (Fig. 2). A transonic drag increase of AC^ = 0.002
is commonly used to define a "drag rise Mach number," and
this value represents an appreciable and consequential drag
increment. On the other hand, from Eq. (9) one has the drag
coefficient associated with shock loss in the outer flow

CDw s(drag rise)/Yip^ C/2(wing area)

= 1/2T2M2
00A(f(K) (13)

where/is a function of K only for a given pair of Se (x) and
0]F(x), but is generally of unit order except at large a* [For
a* > l,/=0(a*)]. Therefore, CDW in the transonic equivalence
rule is generally gauged by T2M2

x&/2. If we take the
Goodmanson design15 as an example, one has Moo=0.98,
^ = 6.8, 7 = 0.0263, and thus CD^ =(O.W226}f(K). This
indicates that a drag rise of the order 0.002 indeed may be
accounted for by the outer-flow shock loss and therefore is
controllable through application of the equivalence rule.

IV. Calculating F| , E, and f
With e, F*, and a* determined from the design

specification, the axial distributions Se and F controlling the
outer flow will depend on the distributions of [ <px\ and
[ <py] through F|, E, and f (cf. Eq. (10)). * * The latter three

functions are generally of unit order, provided the length
scales b and /are properly chosen. However, their magnitudes
and gradients may differ, depending on the type of wing

tlf the supercritical component flow around the high aspect-ratio
wing is not shock free, the resulting drag rise would be many times
that considered here.

* The distribution F2
X also represents the nonlinear part of the inner

boundary condition at the axis [cf. Eq. (7)]. The square root of it
yields, of course, the derivative of the doublet strength.
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planform, and, to a lesser degree, on the chordwise and
spanwise lift distribution over a given planform. The
following will present and compare F2

xt E, and f for specific
planforms and lift distributions ofjnterest. Throughout this
section, the tildes over x, f, and E will be dropped for con-
venience.
A. Three Families of Planar Wings

Among the planforms commonly considered for high-speed
designs, there are three families (main types), to which the
equivalence rule is applicable: the Concorde (delta), the
symmetric swept, and the oblique (asymmetric swept). The
first type of planform may, of course, be regarded as a special
case of the (now conventional) symmetric swept wings. The
distinction is, however, mainained here to differentiate the
symmetric swept wings of moderate and high aspect ratios
from those comparable to the Concorde wing. Characterizing
the dimensions of these planforms are the distances, measured
from tip to tip, along the flight and transverse directions,
referred to respectively as the overall wing chord c0 and the
half-span b. (For wing alone, there is no distinction between
c0 and /.)

The morphology in the present study will be confined
mainly to these three wing families. The results obtained for
E(x) and T(x) in this section are independent of the
parameters a* and e as well as the physical reference quantities
Smax and /. The results should, therefore, be useful for
computing the equivalent cross-sectional area for design
analyses. In application to a complete configuration, the body
is taken to be / in most cases (unless a* is excessively large). If
we assume that no additional lift is caused by the body, the
present calculation may then be used for the study of a
complete configuration through proper variable trans-
formations (cf. Sec. VA).
B. Calculation of F2, E(x), and T(x)

Except in cases with a uniform load, the distribution of
[[ (px~\ corresponding to the pressure jump is assumed to
vanish at the leading and trailing edge with a square-root
singularity (in accordance with the smooth entry requirement
of Sec. IIA). The spanwise circulation distribution in the form
of [ <p\ T.E is assumed to be elliptic, or as close to being
elliptic as possible, inasmuch as the inviscid drag is given by
the vortex drag in a truly shock-free flow.n

Concorde
The specific planform of this type, for which computations

are made, is one with a leading-edge contour y = a(x) shown
in Fig. 3a. When the leading-edge sweep parameter
X ==£//— i.e., b/c0—is specialized to l/(2.4), the leading-edge
contour closely reproduces that of the Concorde. We assume
that the lift distribution vanishes smoothly at, and down-
stream of, the (straight) line x= 1 (cf. the dotted line in Fig.
3a). A distribution of the perturbation potential jump is
assumed for this case (for \y \ < a ( x ) ) as

=A(x)a3(x)-(l-{2)3/2-P(t2) (14)

where £=y/a(x) and P(f2) is polynominal in f2 with
coefficients being suitable functions of x. The resulting
distributions of F2, T(x), and E(x), under Eq. (14), turn out
to be far less sensitive to the mode of [ <p] than to the
planform assumed. Typical distributions of [ <p] , [[ <f>xj ,
and [ <py\ generated from an 8-deg (four-term) polynomial
are shown in Fig. 4. The resulting axial lift distribution F(x)
turns out to be very close to the square of the local half span
a(jt), hence, comparable to a flat-plate wing of the same
planform. Thus, the distribution of [ <pj assumed may be
regarded as being reasonable. The resulting distributions of

tfElliptic spanwise distribution of the circulation is an optimum
under a fixed span; however, an optimum distribution other than
elliptic results, if, for example, a fixed bending moment at mid-span is
specified (cf. Jones, Ref. 20).

1.0
.8
.6
.4
.2
0

0 .2 .4 .6 .8 1.0

a) CONCORDE

1.0-
.8-
.6
A-
.2
00 .2 .4 .6 .8 1.0

b) SYMMETRIC 8 SWEPT

1.0-

-1.0

1.0-

o-

0 .2 .4 .6 .8 1.0
-1.0

0 .2 .4 .6 .8 1.0

c ) O B L I Q U E
Fig. 3 Particular planforms studied.

Fig. 4 Spanwise distributions of lift and vorticity jumps at different
x-stations corresponding to eight-degree polynomial in Eq. (14).

F2
Xf T, and E (computed from explicit forms) are plotted as

dash-dot curves in Figs. 5a, 5b, and 5c.
It is observed that the minimum value of the dimensionless

kinetic energy E(x) for a prescribed (local) lift F ( x ) is

(15)

which becomes 1/27T at jc= 1. The value of £"(1) given by the
dash-dot curve in Fig. 5c is somewhat higher than the
minimum at x= 1; in fact, the curve follows quite closely that
of Eq. (15) (not shown), except it is lying slightly above it. We
note that the lower left of Fig. 4 gives a spanwise circulation
based on Eq. (14), which represents rather closely the elliptic
distribution except near the tip. The departure from the
elliptic load near the tip accounts for the slight increase above
1 /2?r at x = 1. ** The minimum of T(x) under fixed F2

X is

(16)

$$The minimum E(x) under fixed F(x) requires an infinite [ <px~\
at the leading edge and, therefore, cannot be fully realized under
shock-free entry.
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Fig. 5 Distributions F2
X, T(x), and E(x) contributing to equivalent

body area.

which is about 10-15% below the dash-dot curve in Fig. 5b.
To illustrate the degree to which the assumed form of [ <p]

or [ ̂ ] may affect Se (x), we also include in Figs. 5a-c the
corresponding results for a uniform load, i.e.,
t^] = constant, where the constant is determined by

F(l) = 1. The results presented in dash-dot line is labelled with
the word "uniform." Obviously, the differences resulting
from altering from the load of Eq. (14) to that of Eq. (16) is
quite limited.

Symmetric Swept Wings
The two swept-wing planforms shown in Fig. 3b and the

corresponding distributions of F2
X, E, and T are computed

with a leading-edge contour which is sinusoidal in!/2irxL575
t

and a trailing-edge contour which is hyperbolic. The leading-
edge turns out to be reasonably close to that of the Concorde
in Fig. 3a. A load distribution generally may be assumed as
xl.e. <x<xt.e.9

[*,] =a0(x) \x-x,.e.(y) \'/2[xLe.(y)-x]Q(x;y) (17)

where x=xu.(y) and x=yLe.(y) are the equations for the
leading-edge and trailing-edge contours, respectively, and
Q(x;y) is a polynomial with the coefficients being functions
of y. As noted before, the F2, E, and T of interest do not
appear to be too sensitive to changes in the distribution d <px]
over a fixed planform. A more critical dependence is to be
found in the changes in the planform contour. It suffices,
therefore, for the present purpose to set, in Eq. (17),

Q(x;y)=l (18)

The function a 0 ( y ) in Eq. (17) is then determined by the
elliptic spanwise load at the trailing edge

(19)

consistent with F(l) = 1.§§

The two sets of results corresponding to the two swept
wings are given in Fig. 5a-c as dotted curves. Compared to the
Concorde (dash-dot curve), the symmetric swept wings have
higher peaks in (Fx)2 and T(x); their gradients are ac-
centuated, and their peaks shifted further upstream, as the
aspect ratio increases. This trend is not unexpected, since,
with F(l)=l and the span load [ <p] Le, fixed, [ <f>x] in-
creases as the local chord decreases; a higher aspect ratio
should, therefore, bring about higher F2

X and higher T(x) [cf.
Eq. (10)], The higher values of F2

X compared to the Concorde
are a direct consequence of the lifting area reduction on the
downstream side. For the E(x), the changeover from the
Concorde to symmetric swept-wing planforms by cutting out
portions of trailing edge increases greatly the E(x) over the
central part of the x-range, causing overshoots above its
terminal value l/2ir, which is quite pronounced with the
higher aspect ratio.

The values of E and T are computed from the formulas
given below Eq. (10) as iterated integrals in>> and>>7 . For the
jt-station intersecting the trailing edges, each single integration
in y or s contain three segments of distinctly different
analytical descriptions of H <px] and [ <?] • The integration
algorithm treats the logarithmic singularity in both E(x) and
T(x). Special treatment in the integration method for square
root singularity at the leading edge is unnecessary for the
symmetric swept wing, since the resulting errors in F2

X, Ey and
Tare of the order (Ay)3 / 2 . The smallest number of divisions
used in discretizing y and yj for applying the trapezoidal rule
is 40.
Oblique Wings

Two variations in planform are considered for the oblique
wings (cf. Fig. 3c). One version has an elliptic contour with
the major to the minor axes in the proportion 10:1 when
\ = b/c0 = 1. The second planform has a straight leading edge
and a trailing edge described by a polynomial in y2, giving a
pointed tip; the ratio of the span to the normal chord when
X = l is again 10:1. For the oblique elliptic wing, two load
distributions are studied. One employs a variable load, the
same as Eq. (17) with 2=1, and with an elliptic spanwise
circulation distribution Eq. (19). The other is a uniform load,

§§Note that
sheet.

= [<?]/.<?. f or the same y over the trailing-vortex
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with the constant fixed by F(l)= 1. For the second planform
with a straight leading edge, only the uniform load is con-
sidered.

The integration methods similar to those used for the
symmetric swept wings are employed, but care must be
exercised in defining the trailing edge and leading edge for the
yawed ellipse, which do not correspond exactly to the elliptic
contours downstream and upstream of the major axis.
Distinct subranges of integrations must be considered ac-
cordingly. The error in the E(x) integration is considerably
greater for the elliptic wing, being of the order of the square
root of the (smallest) step size. This results from the inverse
square-root singularity in [ <py~\ along the entire side edge of
the trailing-vortex sheet affecting most parts of the oblique
wing. The resulting accuracy in E(x) for the elliptic wing is
nevertheless adequate; a test at x= 1 for different Ay or Ay/
corresponding to 10 to 130 divisions, shows a departure from
the exact value 1 /2?r no greater than 1.1%.

The computed results for the three oblique wings are
presented in Figs. 5a-c as full curves. Note that the
distributions FXE, and T are given over the range 0<x<l
based on the reference scale c0. Comparing the three oblique
wing results with those of the Concored and the symmetric
swept wings (cf. Fig. 5a-c), the oblique wing results are
considerably smoother (less peaked) with greatly reduced
maxima in ( F x ) 2 (by a factor of three). This difference results
from the fact that the front parts of the symmetric arrow-
headed wings are more lightly loaded than is the forward wing
tip of the oblique design. On the other hand, the differences
among the three cases of oblique wings are not very
pronounced.

V. Application to Transport Design Study
In order to assess the importance of the lift effects on the

outer flow for transport designs, we shall study below the
distributions of Se and (a /F v ) 2 for a specific set of
parameters a* , F*, and e corresponding to a realistic design.
A. Change of the Axial Reference Length

As pointed out earlier, extensive calculations of the lift
effects made in Sec. IV for the wing alone may be applied to a
complete airplane after a change of variables (as well as the
definitions of the parameters) to be shown below. It is
stipulated that the lift distributions is little affected by the
introduction of the wing thickness and the fuselage.

It is essential to distinguish the axial reference length / (for
the equivalence rule application) from the overall chord of the
lifting surface c0. Unless lift dominates in the outer flow, i.e.
a*> >1, we may take / to be the length characterizing the
thickness distribution, which is the overall length of the
complete airplane in most cases.

With the definition x=x*/I remaining unchanged (cf. Sec.
Ill), the variable x appearing in F' ( x ) , T(x), and E(x) of
Sec. IV must now refer to

x=(x*-x*0)/c() (20)
where the asterisk refers to physical quantities and x"0 is the
physical x-coordinate of the wing apex. Since d/dx =
(//c0)d/dx, the functions F'(x), E(x), and T(x) for the
wing alone are related to their counterparts for the complete
airplane as follows:

(21a)

T(x) = —

E(x) =E(x)

(21b)

(21c)

The last two terms of Eq. (21) follow from their definitions
given below Eq. (10). Thus, the lift contribution to the
equivalent-body cross-sectional area can be computed in

AS
,4

TOTAL

.3

.2

.1

.2 .4 .6
a)

.8 1.0

.2
AS(i)

0 .2 .4 .6
b)

.8 1.0

Fig. 6 Lift contribution to equivalent-body cross-section area, Se(x)9
and to distribution A5"^ calculated for three representative lifting
surfaces.

Fig. 7 Equivalent-body cross-sectional area of Mach 0.98 design
with four alternative lifting-surface arrangements.

terms of/7 ' ( x ) , T(x), and£(jt) of Sec. IV as

Se(x)-Sc(x)

(22)
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For a given lifting surface, solutions to the velocity and
pressure are independent of the choice of reference length
scales / and £, but the size the dimensionless variables may be
affected by their choice. Nevertheless, the lift contribution to
Se(x) is not so strongly dependent on the choice. A decrease
in ai due to doubling 7, for example, is compensated almost
exactly by an increase in Fx> T(x), and F» ; the only change in
Se in this instance is in the factor l&te I weakly dependent on /
and &.11 For the different lifting surfaces to be considered
below, where b and / or cc are fixed, this (slight) ambiguity on
the reference lengths should not arise, and the comparison
(among different cases) is, therefore, unambiguous.

B. Lift Contributions to Se: Mach .98 Design
The study will be confined to Goodmanson's design15 cited

earlier in Sec. 11 ID. The specifications needed for the deter-
mination of e, ai, and IV, or a*r* for this case are:
Moo = 0.98, Gross Wt. = 287,300 Ib, altitude = 39,000 ft
(Poo ^41 l ib/f t2) , £^60 ft, c0^80ft, 7=171 ft (body length),
and Smax = 270 ft2 . This yields

o2(l/c0)2

2
xc0)2(S*max)-} = 7.072,

\fa\-1 (l/b)2a2 = 0.2671, (23)

c= \(y + l)M2
ooT(b/l)3\l/2 = 0.0512

With these values, the lift contribution to Se (x) reads

Se-Sc=(0.3136)F2/2'K+(0.1803)T(x) + (0.2671)E(x)
(24)

Note that the design specifications, under which Eq. (24) is
applicable, have fixed the overall chord c0, the half-span b,
and the length 7, leaving the planform unspecified. Note also
from the above that the total lift is equated to the take-off
weight (which were the only weight data available to the
author). The lift effect in question may be considerably
smaller at the end of the cruise.

Since the exact planform and load distribution data in
Goodmanson's design15 are not available, the results ob-
tained in Sec. IV B for the symmetric swept planform A (Fig.
3b) are taken to be representative. We note that planform A
(applied to the specified b and c0) gives a leading-edge sweep
angle of 43.5° at mid-span compared to 42.5° inferred from
Goodmanson's design.15 Although, the aspect ratio of the
planform A appears to be higher than Goodmanson's (cf.
sketches in Figs. 3 and 7), the study in Sec. IVB on the
symmetric swept wings (cf. Figs. 5a-c) suggest that their
limited difference in aspect ratio cannot produce significant
changes in F2

XJ Ty and E. The result of application of Eq. (24)
to planform A is presented in Fig. 6(a) in the thin full line.
The first term on the right-hand side of Eq. (24) is essentially
(o}Fx)2 and is the largest among the three terms. This
quantity, denoted by A5 (7), is given in Fig. 6b. In the present
case, the last term of Eq. (24) involving E(x) turns out to be
relatively small; nowwhere does it exceed 5% of the maximum
S*c. The total equivalent-body cross-sectional area for this
symmetric swept-wing design is plotted (in the full thin line) in
Fig. 7, where the very smooth geometrical cross-sectional area
Sc(x) (in the full thick line) is taken from the original
Goodmanson design.15

Planform Changes Affecting S e and(ajFx)2

As a study assessing the importance of the lift effect, it is
essential to explore the changes in Se and (ajFx) 2 which can
be effected through changes in wing planform for an

HThere is a corresponding change in a/(log rj) 2 in Eq. (7), which
cancels out exactly the change in Ifne I of Se ( x ) , so that the solution is
independent of the reference scale /.

otherwise identical design. We consider for this purpose two
alternative planforms: the Concorde (cf. Fig. 3a) and the
elliptic oblique (cf. Fig. 3c) analyzed previously in Sec. IV.

The switch from one planform to another must entail some
rearrangements for the wing-root location accompanying the
center of gravity and structural changes, as well as an increase
in the wing area in switching over to the Concorde (if the same
b and c0 are maintained). These, together with the
achievement of a smooth S c ( x ) distribution, are assumed to
be feasible within the state of the art of airplane design to
date. Our chief concern is to examine and demonstrate the
degree to which wing morphology affects the equivalent-body
area and other distributions in some concrete specific cases.

As noted earlier, the formula for the lift contribution to
S e ( x ) , Eq. (24), is applicable to designs with alternative
planforms but the same half span and overall chord. With
( F x ) 2 , T(x), and E ( x ) provided in Figs. 5a-c, (Se-Sc) for
the Concorde and the elliptic oblique wings are computed and
presented in Fig. 6a as dash-dot and dashed curves, respec-
tively. Only cases with a variable load are considered. The
accompanying (ajFx) 2 distributions are included in Fig. 6b.
Because c0 is fixed, the oblique wing corresponding to the
dashed curves in Fig. 6 must sweep at a smaller angle than the
symmetric swept wing does.

Comparing the three alternatives with the same b and c0,
the symmetric wing (in thin full lines) gives the highest and
most peaked additions to the cross-sectional area and the
( a j F x ) 2 distribution. The oblique alternative (in dashes)
yields the least and smoothest addition to Se and to (a}Fx) 2.

These results on (Se — Sc) superimposed to the Se(x) of the
original design are shown in Fig. 7 as dash-dot and dashed
curves. Thus, it appears that the problem posed by the lift
effect may be alleviated through the alternative of adopting
an oblique or Concorde type planform. The excessively large
wing area of the Concorde may be reduced further by taking a
smaller span, which should also reduce the dominant term of
(Se — Sc). Similar, and perhaps more significant, is the greater
reduction of the nonlinear lift effect through a more realistic
oblique wing design. We note that the smaller sweep angle for
the oblique wing called for by the fixed c0 would necessitate
the use of an airfoil section thinner than, and substantially
different from, that employed in the original swept-wing
design. To exploit the advantage of the oblique wing design
fully (Jones,20'21 Jones and Nisbet22), one must remove the
restriction on c0 so that the oblique and symmetric swept
wings may have the same sweep angle and, thus the same
component Mach number. This should significantly reduce
a2*, hence, the contributions of F2

X and T(x) to S e ( x ) ;
however, the first two coefficients in Eq. (24) have to be
revised in this case.
Asymmetrical Design Reconsidered

We shall now revise the value of a2 for the oblique wing to
allow for an increase in c0 so that the yaw angle may reach
45°. The new value of c0 is taken to be 1.6 times the original
value (which is 1% larger than 120 ft, to allow for tip fairing).
Thus, for the asymmetrical design with 45° yaw at Mach 0.98,
the coefficients of the first two terms on the right-hand side of
Eq. (24) are to be changed according to Eq. (21) to the smaller
values 0.1225 and 0.0704, respectively. Recalling the
significant difference in F2

X between symmetric and asym-
metric swept wings (Fig. 5a), the design under consideration
should reduce significantly the lift contribution to.Se (x) and
(o}Fx)2. This, drastic reduction is substantiated by
calculations based on the revised AS and AS ( / ) , presented in
Figs. 6 and 7 as short-dash curves. We observe that the
maximum equivalent area increase due to lift for the oblique
design is reduced to one quarter of that for the symmetric
wing of comparable sweeps, with an almost eight-fold
reduction in the equivalent source strength, dSe/dx. In
contrast to the peaked distribution for the symmetric design
(with a conspicuous crest), the area increase for the asym-
metric design differs little from the geometrical area S? ( x ) .
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VI. Concluding Remarks
Lift correction to the area rule represents an essential aspect

in the analysis of modern aircraft designed to operate in the
transonic range. In this paper, we have summarized the theory
of the transonic equivalence rule involving lift, discussed its
requirements, and studied the lift effects for a number of wing
planforms and load distributions. Of the four parameters
given in Eq. (3), the most important is at which controls the
lift correction in question. There are two functions essential in
determining the strength of the line source and line doublet in
the equivalence rule, namely, Se (x) and For F2

X. Calculations
for the lift contributions to Se (x) and F2

X have been made
from three families of planforms (Concorde, symmetric
swept, and oblique). The results are applied to a study of the
lift corrections for a Mach 0.98 transport, with alternative
wing designs.

The maximum of Se (x) involving lift is found to be 35%
above its zero-lift value, which rises abruptly, giving a rather
peaked apperance in the S e ( x ) distribution. The equivalence-
body area increase is the least and smoothest for the (oblique)
asymmetrical arrangement. By changing over from a sym-
metrical to an asymmetrical design, while maintaining the
same component Mach number, the maximum of the Se
increase due to lift can be reduced by a factor of four, with a
nearly eight-fold reduction in the correction to the equivalent
source strength, dSe/dx. For a symmetric planform, the
adverse lift corrections may, nevertheless, be reduced by
increasing the leading-edge sweep angle which should ef-
fectively suppress oi. This possibility should be more closely
examined in future design analyses. Since quantitative dif-
ferences in results are expected to arise from differences in
planform or loading, some caution must be exercised against
oversimplification in the wing shape and lift representation.
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